Week 4 — Lecture notes

Periodic signals and the Fourier series

From impulses to sinusoids
This week we start to develop frequency-domain tools.

So far, we have seen that any (integrable) signal can be represented as an integral (“sum”) of impulses.
This week we develop an alternative representation for periodic signals, by changing the basis signals
from impulses to sinusoids. This is the Fourier series.

Recap. If a system is LTI, it preserves the frequency of a sinusoidal input:
u=e — G(jw)elt, G(jw) € C.

In other words, e/*? is an eigenvector of the system. If we can express any u in this basis, as a sum of
sinusoids, this will “diagonalise the system” and “simplify analysis”, in ways that we will soon see.

This also gives a quick test of whether a system is LTI: inject a sinusoid and see what comes out at the
output.

Approximating a periodic signal

u(t) arbitrary periodic signal on [0, T].

wy = 2% is called the fundamental frequency of u(t).

o(t) := eIF1)  also periodic on [0, T). Let 27 =: w.

How well can we approximate u(t) by scaling & rotating e/«*?

We already have a measure of the size of a periodic signal:

T
P(u) := —/ lu(t)]? dt = (u,u)p = |ul% (see Lecture 2).
0
Multiplying ¢ by ¢ € C gives us a scaling and rotation of ¢:

¢ =ae’’ (polar form) so c¢ = ael @Y,

Here a is the scale, and the rotation = phase shift.

Let’s minimise J(c) = |u — c¢|% over ¢ € C, then u ~ cg.

J(c)=(u—ch, u—cod)p
= (u,u)p — (u, co) p — (ch,u) p + (ch, cd) p
= Julp —c(u, 0)p —c(u, @) p + el 6B (1)

We can simplify |¢|%:
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Let v := (u, ¢). Then we can write (1) as

J(e) = ulp — v — ey + e,

Now notice that

le =~ = (c=)(c—7)
c|* —ve—cy+ [yA

So

J(e) = ulp + le = 9> — |41

All terms are positive. This is minimised when |c —v|? = 0, that is,

T
c=(u,p)p = %/ u(t) e 7wt dt
0

The least-squares approximation of u(t) by ¢(t) is therefore

<u7 ¢>P

=

¢

This is the projection of u onto ¢.

(a)

Figure 1: (a) The least-squares approximation of u by ¢ is the projection c¢, and the error u — c¢ is
perpendicular to ¢. (b) The same construction for signals: a square wave of period 27 and its best
approximation by a single sinusoid at the fundamental frequency, %Cos wt = i)‘i(% exp(jwt)).

% cos wt
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(b)

This procedure is exactly the same for ¢, = e/** for any k € Z, so we define
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1 [* ,
cp = (u, op)p = f/ u(t) e Rt de
o

These are the complex Fourier coefficients.

The Fourier series

Each coefficient gives a least-squares approximation of u(t) by ¢, (t), calculated as

<u7 ¢k>P

u(t) ~ ¢y = m

¢k:a

the projection of u onto ¢y.

It turns out that the sum of all these approximations is an exact representation of u(t) (provided it is
sufficiently well-behaved):

o0 o0

u= Y b= Y (ud)p i Pp(t) = eIht

k=—00 k=—o0

This is the Fourier series of u. It also turns out that each ¢, is independent, as ¢, are orthogonal, so
n
the finite sum Z (u, d1,) p Py, is a least-squares approximation of u by {¢y},—_,, ,. See the extension
k=—n
section below for the full details.

For k = 0, we have
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U¢o

u(t) dt. Average value of u = DC offset.

ﬂ\'—‘

Extension material

Why are the ¢, independent?

First, let’s calculate

T
/ ]kwf —jiwf dt
0

o Hilk—Owt q4

¢k:a (bé

%\H
=

o=

S~

iftk=¢ or

_ [ 1 e Hilk—t)wt
ik — Ow

T

0

=0 ase 0w i5 T periodic.
This means the ¢;, are orthogonal.

Now let’s minimise |[u — Y, de’k”i'



U — ch¢k
k

= <u - ch¢kv U= Z 0k¢k>
k k p

= [ul? + <U7 —ch¢k> + <_ch¢k7 U>
e e
+ <Z P ch¢k>
e %

= [ulp — Z Cy (U, o) — Z clu, @) + Z Z CCo{ P> D)
% y k1

= k

2
P

=0 for k#¢£

=luld =" @i+ ex) + > crlr(bn. b).
k

k

Following the same completion of squares argument as before, we have

e 1 S A L A
k k

This is minimised when ¢, = =, for all k. These are the Fourier coefficients we derived earlier with
individual minimisations!

If w(t) is real, its Fourier series must be real:

Im (Z ck(bk) =0.
k
This is achieved if
kP = C_ i
=Tk Op
So ¢;, = ¢_;. In particular, ¢y = ¢, so ¢, is real.

The sine—cosine form for a real signal

In the real case, we can also derive a sin/cosine form of the Fourier series.
ejwt + efjwt ejwt _ efjwt

5 = cos wt, T = sin wt.

Let ¢;, = 5(aj, — jbg), k > 0. Then

1
2

Ckejkwt + Cikefjkwt — Ckejkwt + Ekefjk:wt
= 1 (ay — jby)(cos(kwt) + jsin(kwt)) + 3 (a, + jby)(cos(kwt) — jsin(kwt))
= ay, cos(kwt) + by, sin(kwt).

So we have an alternative form for the Fourier series of a real function u:

u(t) = ay + Z ay, cos(kwt) + by, sin(kwt),
k=1




where

a/o :CO

a,, = 2Re(c,) = ;‘é u(t) cos(kwt) dt

T
b, = —2Im(c,) = / u(t) sin(kwt) dt.

2
T

Example: the bridge rectifier

Example: Compute the Fourier series of the output of a bridge rectifier driven by a 1000 Hz sinusoid,

u(t) = |sin(20007t)| .

T=1/2000 s
1.0
< 0.5
0.0
0 0.0005 0.001 0.0015 0.002 0.0025

t (s)

Figure 2: The rectifier output u(t) = |sin(20007t)|. Rectification folds the negative half-cycles up, so the
period is half that of the input.

The input frequency is 1000 Hz = 20007 rad/s. Rectification doubles this, so the fundamental frequency
of u is

2 1
wo = 40007 rad/s, T= 0777 = 2000 &
0

On [0, 7] the argument 20007t runs from 0 to m, where the sine is non-negative, so u(t) = sin(“2t) there
and the absolute value can be dropped.

Start with the DC term:

1T 1/2000
=17 / u(t)dt = 2000/ sin(20007t) dt
0 o

_ 00 [ cos(2000m)
- 2000 |,

1 2
= ;(cos(O) — cos(7r)> =

Now the general coefficient:



2w
27w,
— @ ’ i e] zot — efijOt> efjkwot dt
21 Jo 2j
w 27wy y "
_ 4 (ejgl(l—zk)t _ e—jJQl(1+2k)t> dt
4y J
wy [263F0-2M 9 iR 2m/eo
=— | = + —
Amj | jwo(l —2k) Jwo (1 + 2K) 0

At t = 27 /w, the two exponentials are e/™1=2%) and e=77(1+2k) Both 1 — 2k and 1 + 2k are odd, so both

exponentials equal —1:
Wy 4 ( 1 n 1 )
G =—|——
P Am U jwy ) \1—2k T 142k

1 (1+2k)+ (1—2k)

2 (1—2k)(1+2k)

2
(1 — 4k?)

Setting k = 0 recovers ¢, = 2/.
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Figure 3: The Fourier coefficients ¢;, = of the rectifier output, with the phase below. Every

2
(1 —4k?)
coefficient with |k| > 1 is negative, so its phase is ; the phase is drawn as an odd function of k, taking
—m for k > 0 and +7 for k < 0.

In sine—cosine form, b, = —2Im(c¢;,) = 0 and a;, = 2Re(¢;,), so
2 = 4
t) = — —_— kwyt).
u(t) 71_—|-kz::17T(1_4kz)cos( wot)

It turns out that the fact the sine series is zero is something we can see straight away from the symmetry
of the signal.

Symmetry properties of the Fourier series

0Odd functions: f(—z) = —f(z). Rotational symmetry (180°).



u(t) = |sin(2000Ttt)|
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Figure 4: The partial sum u, (navy) against the rectified sine (grey), with the dashed line at the DC
term 2/7 and the red dot on the largest error. Shown at N = 4 harmonics.
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Figure 5: An odd function: rotational (180°) symmetry about the origin.

Even functions: f(—z) = f(z). Symmetry about y-axis.

Figure 6: An even function: symmetry about the y-axis.



The Fourier series simplifies for even and odd functions.

0Odd u(t): calculate a,.

9 T
a, = T/ u(t) cos(kwt) dt.
0

u(—t) cos(—kwt) = —u(t) cos(kwt) (odd).

Since u(t) & cos(kwt) are T-periodic, we can shift the limits of integration:
2
a, = —/ u(t) cos(kwt) dt
TJ
9 [0 9 [1/2
= — / u(t) cos(kwt) dt + — / u(t) cos(kwt) dt
T/ T ),

o T2 T/2
=—— / u(t) cos(kwt) dt + —/ u(t) cos(kwt) dt.
T J T J

Let 7 = —¢t. dr = —d¢t.

T J

T/2 9 [T/2
/ u(—7) cos(—kwr) d7 + T / u(t) cos(kwt) dt
0
T/2
0

9 9 T/2
T ) cos(kwT)dr 4+ = T /0 u(t) cos(kwt) dt =0
(as u(T) cos(kwr) is odd),

So for odd functions, . Similarly, a, = 0, so we get a pure sine series.

For even functions, a similar argument shows that and we get a cosine series + DC term.

Example: Fourier series of a square wave

Example: Compute the Fourier series of the square wave illustrated below:

u(t) | |
1 1

1 2 3n an 5m o n 8mn

on

Figure 7: The square wave u(t) (period 27, amplitude +1). The red bracket marks one period, [Z,

used for the coefficient integral.

vl




The wave is even, so we only need to compute the cosine terms. Here the period is T' = 27, sow = 7 =1,

giving cos(kwt) = cos(kt) and 2 = L.

2T

1
u(t)dt = 0. No DC offset! <= mean is zero.

ag = —
07 on A

Compute the coefficients over the red interval in the figure:

1 57/2
a, = 7/ u(t) cos(kt) dt
™ /2

1 3m/2 1 57/2
=— / —cos(kt)dt + — / cos(kt) dt.
T Jr /2 T J3r)2

37/2 57/2

——— {—;Sin(kt)}ﬂ/z +% Esin(/ﬂt)]

() () ()
!

3r/2

Now,

So if k is even, a;, = 0.

If k£ is odd,

4 Si
a, = — sin(k—ﬂ-> = 25inc<§> ) where sinc(zx) := sm(ﬂx).
™

™

Let k=20+1for /e 7.

Then we have the Fourier series

u(t) = Z 2sinc<§) cos(kt).

k odd
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Fourier coefficients ax = 2sinc(k/2), k=2{+1
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Figure 8: The Fourier coefficients a;, = 2sinc(k/2) for the odd harmonics k =2¢+ 1, £ = —6, ..., 6.

phase of ay =2sinc(k/2), k=2[+1
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Figure 9: The phase of the same coefficients. Each a,, is real, so the phase is 0 where a;, > 0 and 7 where
a, < 0. It is drawn as an odd function of k, taking —m for £ > 0 and += for £ < 0.

Below is the square-wave builder for the square wave of this example — drag the slider to add harmonics
and watch the Gibbs overshoot near the jumps (the red dot marks the persistent overshoot peak).

Properties of the Fourier series

1. Coefficients depend linearly on signal:

- Tt
=g [ mOBO =g [ wozma

The Fourier coefficient of au, + Suy is

11
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Figure 10: The partial sum of the first N sine harmonics (navy) against the target square wave (grey),
with the red dot on the Gibbs overshoot peak. Shown at N = 12 waves.

1 [* _ 1 r _
= / oy (1) B, (1) dt + o / Bug (1) By (1) dt
= acyp + ey .

Add and scale signals — add and scale Fourier coefficients.

2. Time shift - rotation. (Remember the pure delay!)

1t
If ¢, = T/ u(t) ¢, (t) dt, then
0

1 T . 1 T—1 .
T/o u(t—T)(bk(t)dt:T/ u(p) ¢ (p+7)dp flet p=t—7, dp=dt, t = p+7]

1

T—1
= T [T u(,u) ef.jk"‘)(/l“"T) dﬂ

_ —jkwT
=e C-

Rotates the vector ¢, by e k%7,
3. Parseval’s theorem.

Can we calculate |u|p directly from the Fourier coefficients of u?

12



T
fulp =7 [ (o e
0

1T
= T/o <Zk:(3k¢k(t)> (%:Ce¢e(t)> dt

DI 1/T¢<t>¢<t>dt
— & leO k 14

=(¢p,Pe) =0 for k#L

This is Parseval’s theorem:

o0
lulp = > lel?

k=—oc0

Example: the RLC circuit

Example: Consider the RLC circuit from Lecture 1.

v(t) = Ri(t) + Ldfi(tt) + é/m i(r)dr

First, let’s see how a single harmonic voltage maps through the system. Let v(t) = e/** = ¢, () and
search for i(t) = I es*t,

. . : 11,
ekt = RI eIkt + Iy jhwl et 4 — —E gikwt,
BT * 0 ke

1
1=1 jkwl + ———

Z(jkw)

__1 P,
I, = . So O Z0uk)

Now, let’s use this result to solve for i(t) when v(t) is the square wave from the previous example.

u(t) = Z 251nc<§) cos(kt)

k odd

a, = 2Re(cy,)

= 1 (ay — jby) .
bk :—QIm(ck)} = G 2 (ak J k)

So

13



Then we have, by superposition,

i) = Z sinc(%) eJkwt
Z(jkw)

k odd

The widget below builds this output current harmonic by harmonic. The component values put the
natural frequency at w,, = 1/v/LC = 2 rad/s, between the first and third harmonics, so the first few odd
harmonics pass with decreasing weight. Drag the slider to add harmonics and watch both waveforms
build up: the input (navy) sharpens towards the square wave (with Gibbs overshoot), while the output
(brick) — each harmonic scaled by 1/Z(jkw) — grows into a smooth, filtered wave that never develops
the sharp edges.

input v(t) (- square wave)
output i(t) (RLC-filtered, normalised)

/\/

R=1Q, L=05H, C=05F - wn=1/(LC)=2rad/s
Figure 11: The input v(¢) (navy) building towards the square wave (grey) and the RLC output i(t) (brick,

normalised to fit), from the same partial sum. R =1, L =0.5H, C = 0.5F, so w,, = 2 rad/s. Shown
at 7 harmonics.
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