
Week 4 — Lecture notes
Periodic signals and the Fourier series

From impulses to sinusoids
This week we start to develop frequency-domain tools.

So far, we have seen that any (integrable) signal can be represented as an integral (“sum”) of impulses.
This week we develop an alternative representation for periodic signals, by changing the basis signals
from impulses to sinusoids. This is the Fourier series.

Recap. If a system is LTI, it preserves the frequency of a sinusoidal input:

𝑢 = 𝑒 𝑗𝜔𝑡 ⟼ 𝐺(𝑗𝜔) 𝑒 𝑗𝜔𝑡, 𝐺(𝑗𝜔) ∈ ℂ.

In other words, 𝑒 𝑗𝜔𝑡 is an eigenvector of the system. If we can express any 𝑢 in this basis, as a sum of
sinusoids, this will “diagonalise the system” and “simplify analysis”, in ways that we will soon see.

This also gives a quick test of whether a system is LTI: inject a sinusoid and see what comes out at the
output.

Approximating a periodic signal
𝑢(𝑡) arbitrary periodic signal on [0, 𝑇 ].
𝜔0 = 2𝜋

𝑇 is called the fundamental frequency of 𝑢(𝑡).

𝜙(𝑡) ∶= 𝑒 𝑗( 2𝜋
𝑇 𝑡) also periodic on [0, 𝑇 ]. Let 2𝜋

𝑇 =∶ 𝜔.

How well can we approximate 𝑢(𝑡) by scaling & rotating 𝑒𝑗𝜔𝑡?

We already have a measure of the size of a periodic signal:

𝑃(𝑢) ∶= 1
𝑇 ∫

𝑇

0
|𝑢(𝑡)|2 d𝑡 = ⟨𝑢, 𝑢⟩𝑃 = ‖𝑢‖2

𝑃 (see Lecture 2).

Multiplying 𝜙 by 𝑐 ∈ ℂ gives us a scaling and rotation of 𝜙:

𝑐 = 𝑎 𝑒 𝑗𝜗 (polar form) so 𝑐𝜙 = 𝑎 𝑒 𝑗(𝜔𝑡+𝜗).

Here 𝑎 is the scale, and the rotation = phase shift.

Let’s minimise 𝐽(𝑐) = ‖𝑢 − 𝑐𝜙‖2
𝑃 over 𝑐 ∈ ℂ, then 𝑢 ≈ 𝑐𝜙.

𝐽(𝑐) = ⟨𝑢 − 𝑐𝜙, 𝑢 − 𝑐𝜙⟩𝑃

= ⟨𝑢, 𝑢⟩𝑃 − ⟨𝑢, 𝑐𝜙⟩𝑃 − ⟨𝑐𝜙, 𝑢⟩𝑃 + ⟨𝑐𝜙, 𝑐𝜙⟩𝑃

= ‖𝑢‖2
𝑃 − ̄𝑐 ⟨𝑢, 𝜙⟩𝑃 − 𝑐 ⟨𝑢, 𝜙⟩𝑃 + |𝑐|2 ‖𝜙‖2

𝑃 . (1)

We can simplify ‖𝜙‖2
𝑃 :

1



‖𝜙‖2
𝑃 = 1

𝑇 ∫
𝑇

0
𝑒 𝑗𝜔𝑡 𝑒−𝑗𝜔𝑡 d𝑡 = 1

𝑇 ∫
𝑇

0
1 d𝑡 = 1.

Let 𝛾 ∶= ⟨𝑢, 𝜙⟩. Then we can write (1) as

𝐽(𝑐) = ‖𝑢‖2
𝑃 − ̄𝑐𝛾 − 𝑐 ̄𝛾 + |𝑐|2.

Now notice that

|𝑐 − 𝛾|2 = (𝑐 − 𝛾)(𝑐 − 𝛾)
= |𝑐|2 − 𝛾 ̄𝑐 − 𝑐 ̄𝛾 + |𝛾|2.

So

𝐽(𝑐) = ‖𝑢‖2
𝑃 + |𝑐 − 𝛾|2 − |𝛾|2.

All terms are positive. This is minimised when |𝑐 − 𝛾|2 = 0, that is,

𝑐 = ⟨𝑢, 𝜙⟩𝑃 = 1
𝑇 ∫

𝑇

0
𝑢(𝑡) 𝑒−𝑗𝜔𝑡 d𝑡

The least-squares approximation of 𝑢(𝑡) by 𝜙(𝑡) is therefore

𝑐𝜙 = ⟨𝑢, 𝜙⟩𝑃
‖𝜙‖2

𝑃
𝜙

This is the projection of 𝑢 onto 𝜙.

Figure 1: (a) The least-squares approximation of 𝑢 by 𝜙 is the projection 𝑐𝜙, and the error 𝑢 − 𝑐𝜙 is
perpendicular to 𝜙. (b) The same construction for signals: a square wave of period 2𝜋 and its best
approximation by a single sinusoid at the fundamental frequency, 4

𝜋 cos 𝜔𝑡 = ℜ( 4
𝜋 exp(𝑗𝜔𝑡)).

This procedure is exactly the same for 𝜙𝑘 = 𝑒 𝑗𝑘𝜔𝑡 for any 𝑘 ∈ ℤ, so we define
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𝑐𝑘 = ⟨𝑢, 𝜙𝑘⟩𝑃 = 1
𝑇 ∫

𝑇

0
𝑢(𝑡) 𝑒−𝑗𝑘𝜔𝑡 d𝑡

These are the complex Fourier coefficients.

The Fourier series
Each coefficient gives a least-squares approximation of 𝑢(𝑡) by 𝜙𝑘(𝑡), calculated as

𝑢(𝑡) ≈ 𝑐𝑘𝜙𝑘 = ⟨𝑢, 𝜙𝑘⟩𝑃
‖𝜙𝑘‖2

𝑃
𝜙𝑘,

the projection of 𝑢 onto 𝜙𝑘.

It turns out that the sum of all these approximations is an exact representation of 𝑢(𝑡) (provided it is
sufficiently well-behaved):

𝑢 =
∞

∑
𝑘=−∞

𝑐𝑘𝜙𝑘 =
∞

∑
𝑘=−∞

⟨𝑢, 𝜙𝑘⟩𝑃 𝜙𝑘, 𝜙𝑘(𝑡) = 𝑒 𝑗𝑘𝜔𝑡

This is the Fourier series of 𝑢. It also turns out that each 𝑐𝑘 is independent, as 𝜙𝑘 are orthogonal, so

the finite sum
𝑛

∑
𝑘=−𝑛

⟨𝑢, 𝜙𝑘⟩𝑃 𝜙𝑘 is a least-squares approximation of 𝑢 by {𝜙𝑘}𝑘=−𝑛,…,𝑛. See the extension

section below for the full details.

For 𝑘 = 0, we have

𝑐0 = ⟨𝑢, 𝜙0⟩ = 1
𝑇 ∫

𝑇

0
𝑢 𝑒0 d𝑡

= 1
𝑇 ∫

𝑇

0
𝑢(𝑡) d𝑡. Average value of 𝑢 = DC offset.

Extension material

Why are the 𝑐𝑘 independent?

First, let’s calculate

⟨𝜙𝑘, 𝜙ℓ⟩ = 1
𝑇 ∫

𝑇

0
𝑒 𝑗𝑘𝜔𝑡 𝑒−𝑗ℓ𝜔𝑡 d𝑡

= 1
𝑇 ∫

𝑇

0
𝑒+𝑗(𝑘−ℓ)𝜔𝑡 d𝑡

= 1 if 𝑘 = ℓ or

= [ 1
+𝑗(𝑘 − ℓ)𝜔 𝑒+𝑗(𝑘−ℓ)𝜔𝑡]

𝑇

0

= 0 as 𝑒+𝑗(𝑘−ℓ)𝜔𝑡 is 𝑇 -periodic.

This means the 𝜙𝑘 are orthogonal.

Now let’s minimise ∥𝑢 − ∑𝑘 𝑐𝑘𝜙𝑘∥2
𝑃 .
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∥𝑢 − ∑
𝑘

𝑐𝑘𝜙𝑘∥
2

𝑃
= ⟨𝑢 − ∑

𝑘
𝑐𝑘𝜙𝑘, 𝑢 − ∑

𝑘
𝑐𝑘𝜙𝑘⟩

𝑃

= ‖𝑢‖2
𝑃 + ⟨𝑢, − ∑

𝑘
𝑐𝑘𝜙𝑘⟩ + ⟨− ∑

𝑘
𝑐𝑘𝜙𝑘, 𝑢⟩

+ ⟨∑
𝑘

𝑐𝑘𝜙𝑘, ∑
𝑘

𝑐𝑘𝜙𝑘⟩

= ‖𝑢‖2
𝑃 − ∑

𝑘
̄𝑐𝑘 ⟨𝑢, 𝜙𝑘⟩⏟

∶= 𝛾𝑘

− ∑
𝑘

𝑐𝑘⟨𝑢, 𝜙𝑘⟩ + ∑
𝑘

∑
ℓ

𝑐𝑘 ̄𝑐ℓ⟨𝜙𝑘, 𝜙ℓ⟩
⏟⏟⏟⏟⏟⏟⏟⏟⏟

= 0 for 𝑘≠ℓ

= ‖𝑢‖2
𝑃 − ∑

𝑘
( ̄𝑐𝑘𝛾𝑘 + 𝑐𝑘 ̄𝛾𝑘) + ∑

𝑘
𝑐𝑘 ̄𝑐𝑘⟨𝜙𝑘, 𝜙𝑘⟩.

Following the same completion of squares argument as before, we have

= ‖𝑢‖2
𝑃 + ∑

𝑘
|𝑐𝑘 − 𝛾𝑘|2 − ∑

𝑘
|𝛾𝑘|2.

This is minimised when 𝑐𝑘 = 𝛾𝑘 for all 𝑘. These are the Fourier coefficients we derived earlier with
individual minimisations!

If 𝑢(𝑡) is real, its Fourier series must be real:

Im(∑
𝑘

𝑐𝑘𝜙𝑘) = 0.

This is achieved if

𝑐𝑘𝜙𝑘 = 𝑐−𝑘 𝜙−𝑘

= 𝑐−𝑘 𝜙𝑘.

So 𝑐𝑘 = 𝑐−𝑘. In particular, 𝑐0 = 𝑐0, so 𝑐0 is real.

The sine–cosine form for a real signal
In the real case, we can also derive a sin/cosine form of the Fourier series.

𝑒 𝑗𝜔𝑡 + 𝑒−𝑗𝜔𝑡

2 = cos 𝜔𝑡, 𝑒 𝑗𝜔𝑡 − 𝑒−𝑗𝜔𝑡

2𝑗 = sin 𝜔𝑡.

Let 𝑐𝑘 = 1
2 (𝑎𝑘 − 𝑗𝑏𝑘), 𝑘 ≥ 0. Then

𝑐𝑘𝑒 𝑗𝑘𝜔𝑡 + 𝑐−𝑘𝑒−𝑗𝑘𝜔𝑡 = 𝑐𝑘𝑒 𝑗𝑘𝜔𝑡 + ̄𝑐𝑘𝑒−𝑗𝑘𝜔𝑡

= 1
2 (𝑎𝑘 − 𝑗𝑏𝑘)( cos(𝑘𝜔𝑡) + 𝑗 sin(𝑘𝜔𝑡)) + 1

2 (𝑎𝑘 + 𝑗𝑏𝑘)( cos(𝑘𝜔𝑡) − 𝑗 sin(𝑘𝜔𝑡))
= 𝑎𝑘 cos(𝑘𝜔𝑡) + 𝑏𝑘 sin(𝑘𝜔𝑡).

So we have an alternative form for the Fourier series of a real function 𝑢:

𝑢(𝑡) = 𝑎0 +
∞

∑
𝑘=1

𝑎𝑘 cos(𝑘𝜔𝑡) + 𝑏𝑘 sin(𝑘𝜔𝑡),
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where

𝑎0 = 𝑐0

𝑎𝑘 = 2 Re(𝑐𝑘) = 2
𝑇 ∫

𝑇

0
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡

𝑏𝑘 = −2 Im(𝑐𝑘) = 2
𝑇 ∫

𝑇

0
𝑢(𝑡) sin(𝑘𝜔𝑡) d𝑡.

Example: the bridge rectifier
Example: Compute the Fourier series of the output of a bridge rectifier driven by a 1000 Hz sinusoid,

𝑢(𝑡) = |sin(2000𝜋𝑡)| .

0 0.0005 0.001 0.0015 0.002 0.0025
t (s)

0.0

0.5

1.0

u
t(
)

T=1/2000 s

Figure 2: The rectifier output 𝑢(𝑡) = | sin(2000𝜋𝑡)|. Rectification folds the negative half-cycles up, so the
period is half that of the input.

The input frequency is 1000 Hz = 2000𝜋 rad/s. Rectification doubles this, so the fundamental frequency
of 𝑢 is

𝜔0 = 4000𝜋 rad/s, 𝑇 = 2𝜋
𝜔0

= 1
2000 s.

On [0, 𝑇 ] the argument 2000𝜋𝑡 runs from 0 to 𝜋, where the sine is non-negative, so 𝑢(𝑡) = sin( 𝜔0
2 𝑡) there

and the absolute value can be dropped.

Start with the DC term:

𝑐0 = 1
𝑇 ∫

𝑇

0
𝑢(𝑡) d𝑡 = 2000 ∫

1/2000

0
sin(2000𝜋𝑡) d𝑡

= 2000 [− cos(2000𝜋𝑡)
2000𝜋 ]

1/2000

0

= 1
𝜋 ( cos(0) − cos(𝜋)) = 2

𝜋 .

Now the general coefficient:
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𝑐𝑘 = 1
𝑇 ∫

𝑇

0
𝑢(𝑡) 𝑒−𝑗𝑘𝜔0𝑡 d𝑡 = 𝜔0

2𝜋 ∫
2𝜋/𝜔0

0
sin(𝜔0

2 𝑡) 𝑒−𝑗𝑘𝜔0𝑡 d𝑡

= 𝜔0
2𝜋 ∫

2𝜋/𝜔0

0

1
2𝑗 (𝑒 𝑗 𝜔0

2 𝑡 − 𝑒−𝑗 𝜔0
2 𝑡) 𝑒−𝑗𝑘𝜔0𝑡 d𝑡

= 𝜔0
4𝜋𝑗 ∫

2𝜋/𝜔0

0
(𝑒 𝑗 𝜔0

2 (1−2𝑘)𝑡 − 𝑒−𝑗 𝜔0
2 (1+2𝑘)𝑡) d𝑡

= 𝜔0
4𝜋𝑗 [2 𝑒 𝑗 𝜔0

2 (1−2𝑘)𝑡

𝑗𝜔0(1 − 2𝑘) + 2 𝑒−𝑗 𝜔0
2 (1+2𝑘)𝑡

𝑗𝜔0(1 + 2𝑘) ]
2𝜋/𝜔0

0
.

At 𝑡 = 2𝜋/𝜔0 the two exponentials are 𝑒 𝑗𝜋(1−2𝑘) and 𝑒−𝑗𝜋(1+2𝑘). Both 1 − 2𝑘 and 1 + 2𝑘 are odd, so both
exponentials equal −1:

𝑐𝑘 = 𝜔0
4𝜋𝑗 (− 4

𝑗𝜔0
) ( 1

1 − 2𝑘 + 1
1 + 2𝑘)

= − 1
𝜋𝑗2 ⋅ (1 + 2𝑘) + (1 − 2𝑘)

(1 − 2𝑘)(1 + 2𝑘)

= 2
𝜋 (1 − 4𝑘2)

Setting 𝑘 = 0 recovers 𝑐0 = 2/𝜋.
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Figure 3: The Fourier coefficients 𝑐𝑘 = 2
𝜋(1 − 4𝑘2) of the rectifier output, with the phase below. Every

coefficient with |𝑘| ≥ 1 is negative, so its phase is 𝜋; the phase is drawn as an odd function of 𝑘, taking
−𝜋 for 𝑘 > 0 and +𝜋 for 𝑘 < 0.

In sine–cosine form, 𝑏𝑘 = −2 Im(𝑐𝑘) = 0 and 𝑎𝑘 = 2 Re(𝑐𝑘), so

𝑢(𝑡) = 2
𝜋 +

∞
∑
𝑘=1

4
𝜋 (1 − 4𝑘2) cos(𝑘𝜔0𝑡).

It turns out that the fact the sine series is zero is something we can see straight away from the symmetry
of the signal.

Symmetry properties of the Fourier series
� Odd functions: 𝑓(−𝑥) = −𝑓(𝑥). Rotational symmetry (180∘).
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Figure 4: The partial sum 𝑢𝑁 (navy) against the rectified sine (grey), with the dashed line at the DC
term 2/𝜋 and the red dot on the largest error. Shown at 𝑁 = 4 harmonics.

180 ∘

Figure 5: An odd function: rotational (180∘) symmetry about the origin.

� Even functions: 𝑓(−𝑥) = 𝑓(𝑥). Symmetry about 𝑦-axis.

Figure 6: An even function: symmetry about the 𝑦-axis.
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The Fourier series simplifies for even and odd functions.

� Odd 𝑢(𝑡): calculate 𝑎𝑘.

𝑎𝑘 = 2
𝑇 ∫

𝑇

0
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡.

𝑢(−𝑡) cos(−𝑘𝜔𝑡) = −𝑢(𝑡) cos(𝑘𝜔𝑡) (odd).

Since 𝑢(𝑡) & cos(𝑘𝜔𝑡) are 𝑇 -periodic, we can shift the limits of integration:

𝑎𝑘 = 2
𝑇 ∫

𝑇 /2

−𝑇 /2
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡

= 2
𝑇 ∫

0

−𝑇 /2
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡 + 2

𝑇 ∫
𝑇 /2

0
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡

= − 2
𝑇 ∫

−𝑇 /2

0
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡 + 2

𝑇 ∫
𝑇 /2

0
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡.

Let 𝜏 = −𝑡. d𝜏 = −d𝑡.

= + 2
𝑇 ∫

𝑇 /2

0
𝑢(−𝜏) cos(−𝑘𝜔𝜏) d𝜏 + 2

𝑇 ∫
𝑇 /2

0
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡

= − 2
𝑇 ∫

𝑇 /2

0
𝑢(𝜏) cos(𝑘𝜔𝜏) d𝜏 + 2

𝑇 ∫
𝑇 /2

0
𝑢(𝑡) cos(𝑘𝜔𝑡) d𝑡 = 0

(as 𝑢(𝜏) cos(𝑘𝜔𝜏) is odd),

So for odd functions, 𝑎𝑘 = 0 . Similarly, 𝑎0 = 0, so we get a pure sine series.

For even functions, a similar argument shows that 𝑏𝑘 = 0 and we get a cosine series + DC term.

Example: Fourier series of a square wave
Example: Compute the Fourier series of the square wave illustrated below:

u(t)

t

1π 2π 3π 4π 5π 6π 7π 8π 9π

Figure 7: The square wave 𝑢(𝑡) (period 2𝜋, amplitude ±1). The red bracket marks one period, [ 𝜋
2 , 5𝜋

2 ],
used for the coefficient integral.
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The wave is even, so we only need to compute the cosine terms. Here the period is 𝑇 = 2𝜋, so 𝜔 = 2𝜋
𝑇 = 1,

giving cos(𝑘𝜔𝑡) = cos(𝑘𝑡) and 2
𝑇 = 1

𝜋 .

𝑎0 = 1
2𝜋 ∫

2𝜋

0
𝑢(𝑡) d𝑡 = 0. No DC offset! ⟺ mean is zero.

Compute the coefficients over the red interval in the figure:

𝑎𝑘 = 1
𝜋 ∫

5𝜋/2

𝜋/2
𝑢(𝑡) cos(𝑘𝑡) d𝑡

= 1
𝜋 ∫

3𝜋/2

𝜋/2
− cos(𝑘𝑡) d𝑡 + 1

𝜋 ∫
5𝜋/2

3𝜋/2
cos(𝑘𝑡) d𝑡.

= 1
𝜋 [−1

𝑘 sin(𝑘𝑡)]
3𝜋/2

𝜋/2
+ 1

𝜋 [1
𝑘 sin(𝑘𝑡)]

5𝜋/2

3𝜋/2

= 1
𝜋𝑘 (sin(𝑘𝜋

2 ) + sin(5𝑘𝜋
2 ) − 2 sin(3𝑘𝜋

2 ))

= 2
𝜋𝑘 (sin(𝑘𝜋

2 ) − sin(3𝑘𝜋
2 )) .

Now,

sin(3𝑘𝜋
2 ) = sin(𝑘𝜋

2 + 𝑘𝜋)

= (−1)𝑘 sin(𝑘𝜋
2 ) .

So if 𝑘 is even, 𝑎𝑘 = 0.

If 𝑘 is odd,

𝑎𝑘 = 4
𝜋𝑘 sin(𝑘𝜋

2 ) = 2 sinc(𝑘
2) , where sinc(𝑥) ∶= sin(𝜋𝑥)

𝜋𝑥 .

Let 𝑘 = 2ℓ + 1 for ℓ ∈ ℤ.

Then we have the Fourier series

𝑢(𝑡) = ∑
𝑘 odd

2 sinc(𝑘
2) cos(𝑘𝑡).

10
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Figure 8: The Fourier coefficients 𝑎𝑘 = 2 sinc(𝑘/2) for the odd harmonics 𝑘 = 2ℓ + 1, ℓ = −6, … , 6.
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Figure 9: The phase of the same coefficients. Each 𝑎𝑘 is real, so the phase is 0 where 𝑎𝑘 > 0 and 𝜋 where
𝑎𝑘 < 0. It is drawn as an odd function of 𝑘, taking −𝜋 for 𝑘 > 0 and +𝜋 for 𝑘 < 0.

Below is the square-wave builder for the square wave of this example — drag the slider to add harmonics
and watch the Gibbs overshoot near the jumps (the red dot marks the persistent overshoot peak).

Properties of the Fourier series
1. Coefficients depend linearly on signal:

𝑐1,𝑘 = 1
𝑇 ∫

𝑇

0
𝑢1(𝑡) 𝜙𝑘(𝑡) d𝑡, 𝑐2,𝑘 = 1

𝑇 ∫
𝑇

0
𝑢2(𝑡) 𝜙𝑘(𝑡) d𝑡.

The Fourier coefficient of 𝛼𝑢1 + 𝛽𝑢2 is

11



Figure 10: The partial sum of the first 𝑁 sine harmonics (navy) against the target square wave (grey),
with the red dot on the Gibbs overshoot peak. Shown at 𝑁 = 12 waves.

1
𝑇 ∫

𝑇

0
𝛼𝑢1(𝑡) 𝜙𝑘(𝑡) d𝑡 + 1

𝑇 ∫
𝑇

0
𝛽𝑢2(𝑡) 𝜙𝑘(𝑡) d𝑡

= 𝛼𝑐1,𝑘 + 𝛽𝑐2,𝑘.

Add and scale signals ⟶ add and scale Fourier coefficients.

2. Time shift ⇝ rotation. (Remember the pure delay!)

If 𝑐𝑘 = 1
𝑇 ∫

𝑇

0
𝑢(𝑡) 𝜙𝑘(𝑡) d𝑡, then

1
𝑇 ∫

𝑇

0
𝑢(𝑡 − 𝜏) 𝜙𝑘(𝑡) d𝑡 = 1

𝑇 ∫
𝑇 −𝜏

−𝜏
𝑢(𝜇) 𝜙𝑘(𝜇 + 𝜏) d𝜇 [let 𝜇 = 𝑡 − 𝜏, d𝜇 = d𝑡, 𝑡 = 𝜇 + 𝜏]

= 1
𝑇 ∫

𝑇 −𝜏

−𝜏
𝑢(𝜇) 𝑒−𝑗𝑘𝜔(𝜇+𝜏) d𝜇

= 𝑒−𝑗𝑘𝜔𝜏 𝑐𝑘.

Rotates the vector 𝑐𝑘 by 𝑒−𝑗𝑘𝜔𝜏 .

3. Parseval’s theorem.

Can we calculate ‖𝑢‖𝑃 directly from the Fourier coefficients of 𝑢?
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‖𝑢‖2
𝑃 = 1

𝑇 ∫
𝑇

0
|𝑢(𝑡)|2 d𝑡

= 1
𝑇 ∫

𝑇

0
(∑

𝑘
𝑐𝑘𝜙𝑘(𝑡)) (∑

ℓ
𝑐ℓ𝜙ℓ(𝑡)) d𝑡

= ∑
𝑘

∑
ℓ

𝑐𝑘 ̄𝑐ℓ
1
𝑇 ∫

𝑇

0
𝜙𝑘(𝑡) 𝜙ℓ(𝑡) d𝑡

⏟⏟⏟⏟⏟⏟⏟⏟⏟
= ⟨𝜙𝑘,𝜙ℓ⟩ = 0 for 𝑘≠ℓ

= ∑
𝑘

|𝑐𝑘|2 ⟨𝜙𝑘, 𝜙𝑘⟩⏟
= 1

= ∑
𝑘

|𝑐𝑘|2.

This is Parseval’s theorem:

‖𝑢‖2
𝑃 =

∞
∑

𝑘=−∞
|𝑐𝑘|2

Example: the RLC circuit
Example: Consider the RLC circuit from Lecture 1.

𝑣(𝑡) = 𝑅 𝑖(𝑡) + 𝐿d𝑖(𝑡)
d𝑡 + 1

𝐶 ∫
𝑡

−∞
𝑖(𝜏) d𝜏

First, let’s see how a single harmonic voltage maps through the system. Let 𝑣(𝑡) = 𝑒 𝑗𝑘𝜔𝑡 = 𝜙𝑘(𝑡) and
search for 𝑖(𝑡) = 𝐼𝑘𝑒 𝑗𝑘𝜔𝑡.

𝑒 𝑗𝑘𝜔𝑡 = 𝑅𝐼𝑘𝑒 𝑗𝑘𝜔𝑡 + 𝐼𝑘 𝑗𝑘𝜔𝐿 𝑒 𝑗𝑘𝜔𝑡 + 1
𝐶

𝐼𝑘
𝑗𝑘𝜔 𝑒 𝑗𝑘𝜔𝑡.

1 = 𝐼𝑘 (𝑅 + 𝑗𝑘𝜔𝐿 + 1
𝐶 𝑗𝑘𝜔)

⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑍(𝑗𝑘𝜔)

𝐼𝑘 = 1
𝑍(𝑗𝑘𝜔) . So 𝜙𝑘 ⟼ 𝜙𝑘

𝑍(𝑗𝜔𝑘) .

Now, let’s use this result to solve for 𝑖(𝑡) when 𝑣(𝑡) is the square wave from the previous example.

𝑣(𝑡) = ∑
𝑘 odd

2 sinc(𝑘
2) cos(𝑘𝑡)

𝑎𝑘 = 2 Re(𝑐𝑘)
𝑏𝑘 = −2 Im(𝑐𝑘)} ⟹ 𝑐𝑘 = 1

2 (𝑎𝑘 − 𝑗𝑏𝑘) .

So

𝑣(𝑡) = ∑
𝑘 odd

sinc(𝑘
2) 𝑒 𝑗𝑘𝜔𝑡.
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Then we have, by superposition,

𝑖(𝑡) = ∑
𝑘 odd

sinc( 𝑘
2 ) 𝑒 𝑗𝑘𝜔𝑡

𝑍(𝑗𝑘𝜔) .

The widget below builds this output current harmonic by harmonic. The component values put the
natural frequency at 𝜔𝑛 = 1/

√
𝐿𝐶 = 2 rad/s, between the first and third harmonics, so the first few odd

harmonics pass with decreasing weight. Drag the slider to add harmonics and watch both waveforms
build up: the input (navy) sharpens towards the square wave (with Gibbs overshoot), while the output
(brick) — each harmonic scaled by 1/𝑍(𝑗𝑘𝜔) — grows into a smooth, filtered wave that never develops
the sharp edges.

Figure 11: The input 𝑣(𝑡) (navy) building towards the square wave (grey) and the RLC output 𝑖(𝑡) (brick,
normalised to fit), from the same partial sum. 𝑅 = 1 Ω, 𝐿 = 0.5 H, 𝐶 = 0.5 F, so 𝜔𝑛 = 2 rad/s. Shown
at 7 harmonics.
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