ELEC2302/9302 Signals and Systems — Quiz 2 formula sheet

Fourier series (u T-periodic)
Exponential form:

. 1 T . > . 1 T
Pr(t) = /"0 g = (u, dp)p = T/o u(tye Fotde, oty = Y et g = f/o u(t) dt.

k=—o00

o0
Sine—cosine form (u real): u(t) = ag + Z (ax cos(kwot) + by, sin(kwot)), where
k=1

2 (" 2 [T
ap =co, ar =2Re(ex) = T/ u(t) cos(kwot) dt, by, = —2TIm(cg) = T/ u(t) sin(kwot) dt, ¢, = % (ar — jbx) -
0 0

ureal c_p=7¢ck linearity w1 + Pug has coefficients acy i + Beak
ueven by =0 time shift wu(t — to) has coefficients e=7¥~0%0 ¢
I -
wodd ap=ar=0 Parseval P(u) = —/ lu(t)|? dt = Z |cx|?
T 0 k=—oc0

Fourier series of standard waveforms

sin(mz
sinc(z) = g
™
Signal Coefficients
cos(wot) c1=c_1 = %, all others zero
sin(wot) c = —%, c_1 = 5, all others zero
Square wave, even: +A for |t| < T/4, —A for T/4 < |t| < cr = Asinc g) (k odd), cx =0 (k even)
T/2
Pulse train: Ap,(t) repeated with period T, duty cycle ci = Ad sinc(kd)
d=71/T
. ) 4A
Triangle wave: A (1 —4|¢|/T) for |¢t| < T/2 k= 5 (k odd), cx =0 (k even)
Rectified sine: A [sin(wmt)|, period T = 7/wm, so wo = ¢ = LQ
%, (1 — 4k?)

Fourier transform

o0 , 1 [ : S
U(jw) = / u(t) e 7« dt, u(t) = / U(jw) e/“" dw, u periodic: U(jw) = 27 Z ek 0(w — kwo).

oo 2 J_ o Mt
u(t) U(jw) u(t) U(jw)
o(t) 1 p-(t) Tsinc(g)
X T
5(t —tg) e Iwto w paw (w), that is 1 for |w| < W and 0 otherwise
71'
1 . o [WT
1 216 (w) 1 b for |t| < T Ts1ilc (%)
giwot 2w (w — wo) e H(t),a>0 -
a+ ]10.)
cos(wot) o (w — wo) + 7 (w + wo) te " H(t) W
sin(wot) —jmé(w flwg) + jmé(w + wo) e el 0L2-:Luii .
1 —at a+ jw
H(t) 71';5(0.)) + 7 e” % cos(wot)H (t) CESmE:
— —at g . Wo
sgn(t) 7w e” * sin(wot) H (t) CT o) 1o

Properties of the Fourier transform



u(t) U(jw) u(t) U(jw)

linearity aui(t) + Buz(t) alUi(jw) + BU2(jw) differentiation %u(t) jwU(jw)

time shift u(t — to) e~Ivt U (jw) integration /t u(s)ds %{:‘}) + 7U(0)6(w)
frequency shift e/*0twu(t) U (j(w — wo)) multiply by ¢t tu(t) j%U(jw)
modulation u(t) cos(wot) LU (j(w—wo)) + 3U (j(w + wo)) convolution (h*u)(t) H(jw) U(jw)

time scaling u(at) ﬁ U(“%U) multiplication u(t) y(t) % (U *Y)(jw)
time reversal  wu(—t) U(—jw) duality U(jt) 2 u(—w)

/00 u(t)g(t)dt = 1 /00 U(jw)Y (jw) dw, E(u) = /oo |u(t)|2 dt = % /00 |U(jw)\2dw.

— 00 — 00 — 00 —0o0

Second order systems

Kuw?
Gjw) = — ~ , G(0 K
U= G G v (O
where w,, > 0 is the natural frequency and ¢ the damping ratio.
¢ >1 overdamped distinct real poles
¢ =1 critically damped repeated pole —w,
¢ <1 underdamped —Cwn £ jwa, wg = wny/1— ¢? the damped natural frequency

. |K| 1
wr = wpV/1—2¢2, Gjwy)| = ——, < —.
VITRE, (Gl = e (<
Stability
Exponentially stable: there exist M > 0 and a > 0 such that |h(t)| < Me? for all ¢t > 0.
Marginally stable: there exists M > 0 such that |h(t)| < M for all t > 0, and h(t) 4 0 as t — .
BIBO stable: sup |u(t)| < oo implies sup |y(t)| < oo for every input u.
>0 >0



